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$N$-Fractional Calculus of the Function
$f(z)=\log((z-b)^{3}-c)$ and Identities




In this article, $N$- fractional calculus of the $I\varphi_{o^{r}}$arithmic function
$f(z)=\log((z-b)^{3}-c) , (z-b)^{\underline{{\}}}\wedge-c\neq 0_{\dot{J}}1,$
$\overline{\lambda}S$ discussed and some identities derived from them are reported.
















Notice that $(\overline{\perp})$ is reduced to $c\circ_{\backslash }ursat\cdot sinfe_{o}^{\sigma}ra1$ for $v=n(\in Z^{*})$ and is red-
uced to be famous Cauchy’s integral for $v=0$ $\prime\Pi\iota at$ is, (1) is an exten{ion
of $CauChy^{r}s$ in.,egral and of Goursa.$t$’s one, $\subset onverselyCauchy_{S}’$ and
Goursat’s ones are specia$I$ cases of (1).
Moreover, not’ce that (1) is the representation whzch unifies the derivat-
$ive$ and integrations-
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(I I) On the fractional calcalus operator $N^{V}\overline{[}3J$
-f eorem A. $Le\hat{\iota}\nabla a\tau_{t\overline{I}}onal$ carcuIus $\mathfrak{o}pera\tau \mathfrak{o}r(Nis\hslash imo\tau \mathfrak{o}^{\tau}s$ Operator $)$ $N^{\prime r}$ be
$fi \overline{\int}^{v}=(\frac{\Gamma(v+,\cdot\iota)}{2\pi_{4}}\int_{c}.\frac{d\zeta}{(\tilde{\underline{t_{\backslash }}}-z)^{v\perp I}})$




$(m\in Z^{arrow})$ , (4)





$l’S$ an Abelian Product group $(h\varpi/ingc\mathfrak{o}n\tau ir\iota uous$ inclex $v)$ which has the $\overline{\iota}rwerse$
$\backslash -ransf\mathfrak{o}nn$ operqror $(N^{v})^{-\overline{\lambda}}=fv^{-\nu}t\mathfrak{o}$ the $f^{\sim}act\overline{t}onat;\iota’$alculus $\mathfrak{o}$Perator $N^{v}$ , for the
$lq_{n\sigma io7?f}$ sttch rhqt $f\in F=\{f_{\vee}:0\neq|f_{\nu}|<\infty,$ $v\in R\}$ , where $f=f(\overline{\angle})$ and $z\in \mathbb{C}_{-}$
$($ vis. -. $\infty<v<\infty)$ .
(For our conve$\overline{m}$ence
$-\prime$ we call $N^{\beta}\circ N^{\alpha}$ as $pr!$)duct of $N^{\beta}$ and $N^{\alpha}$ . )
The’orem $B_{-}n$ F-O. $G\{\lambda’\}^{\vee}\sim$ is $\sigma n^{\pi}A\tau_{e\dot{t}07?}$ produ$ct$ group which has continuous
$\overline{\iota}ndexv^{\pi}$ for the set of $F$ . ( $F.$ $o_{-}G,$ $-$ Fractional calculus operator gioup) $[3J$Theorem C. Let
$S_{-}-$ $\{\cdot-.\wedge/^{\neg^{r}}\}U\{0\}(v\in R)$ , (7)
$p_{ler’t}’$ th $e$ set $S$ is $q$ commuta tve $r\overline{\iota}ngf\mathfrak{o}r$ the $\hslash$nctton $f\in F$ , when $\tau he\overline{\iota}denT\overline{t}Ty.$
$N^{\sigma}+N^{\beta}=N^{r}$ $(N^{\sigma}.N^{\rho_{\sim}}N^{\gamma}\prime\in S)$ (8).
hclds. [5]
(M) Lemma, We have [1]
(i)
$(( \overline{<}^{\sim}c)^{b})_{\sigma}=e^{-=-\alpha}\frac{\Gamma(.\alpha-b)}{\Gamma(-b)}(\tilde{4}^{-c)^{b-\sigma}}$ $(( \int\frac{\Gamma(\alpha-b)}{\Gamma(-b)}|<\infty)7$
$(ii)$ $(\overline{l}og(z-c))_{\alpha}=-e^{-j\wedge}\propto\Gamma(\alpha)(z-c)^{-\sigma}$ $([\Gamma(\alpha)|<\infty)_{r}$
$(iii)$
$((z-c)^{-\sigma})_{-\alpha}=-e^{\dot{U}^{\sim}Q} \frac{1}{\Gamma(\alpha)}\log(z-c)$ $(|\Gamma(\alpha)[<\infty)$ ,
-where $z-c\neq 0$ for $(X^{-})$ and $\overline{c}-c\neq 0_{\backslash ,\prime}lfox$ ( ii), ( iii),
$(\overline{1}^{v})$
$(u^{-}v)_{\alpha}:= \sum_{k\Rightarrow 0}^{\infty}\frac{\Gamma(\alpha,+1)}{k1\Gamma(\alpha<1-k)}\prime\overline{\iota}l_{a-k^{\rceil\tilde{/}}k}$ $(\begin{array}{l}u=u(z)=v(z)v\end{array})-$
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\S 1. Preliminary
$|.I]$. The theorem $D$ below is reported by K. Nishimoto already (cf. J. Frac.
Calc.Vol.29, May (2006), p.37). [12]
Theorem D. We have
(i) $(((z-b)^{\beta}-c)^{\sigma})_{\gamma}=e^{-i\pi\gamma}(z-b)^{\alpha\beta-\gamma}$
$\cross\sum_{k=0}^{\infty}\frac{[-\alpha]_{k}\Gamma(\beta k-\alpha\beta+\gamma)}{k!\Gamma(\beta k-\alpha\beta)}T^{k}$ $(| \frac{\Gamma(\beta k-\alpha\beta+\gamma)}{\Gamma(\sqrt{}k-\alpha\beta)}|\leq^{\infty}\}$ (1)
and
$(ii)$ $(((z-b)^{\beta}-c)^{a})_{n}=(-1)^{n}(z-b)^{a\beta-n}$
$\cross\sum_{k-0}^{\infty}\frac{[-\alpha]_{k}[\beta k-\cdot\sigma\sqrt{}]_{n}}{k!}T^{k}. (n\in Z_{0}^{+})$ (2)
where
$T= \frac{c}{(z-b)^{\beta}},$ $|T|<1$ , (3)
and
$[\lambda]_{k}=\lambda(\lambda+1)\cdots(\lambda+k-1)=\Gamma(\lambda-k)/\Gamma(\lambda)$ with $[\lambda]_{0}=1$ (4)
(Notation of Pochhammer
[II] The theorem $E$ below for the fractional calculus of a logarithmic function is
reported by K. Nishimoto already (cf. J. Frac. Calc.Vol.29, May (2006), p.40).[12]




$(| \frac{\Gamma(\beta k+\gamma)}{\Gamma(\beta k+1)}|<\infty)$ (5)
and.
$(ii)$ $(\log((z-b)^{\beta}-c))_{n}=(-1)^{n+1}\beta(z-b)^{-n}$
$x\sum_{k=0}^{\infty}[\beta k+1]_{n-1}T^{k} (n\in Z^{+}) (6\backslash )$
with (3), where
$(z-b)^{\beta}-c\cdot\neq 0,1$ . (7)
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\S 2. $N\cdot$Fractional Calculus of Th$e$ Function in Title




$\cross\sum_{k\approx 0}^{\infty}\frac{\Gamma(3k+\gamma)}{\Gamma(3k+1)}T^{k}\vee (|\Gamma(3k+\gamma)|<\infty)$ . (2)
and.
$(i.i)$ $(\log((z-b)^{3}-c))_{r}.$ $=(-1)^{n+1}3(z-b)^{-n}$
$x\sum_{k=0}^{\infty}[3k+1]_{n-1}T^{k}$ $(n\in Z^{+})$ (3)
(n-th derivatives)
where
$T= \frac{c}{(z-b)^{3}}, |T|<1$ (4)
Proof. Set $\beta=3$ in Theorem E.
Corollary 1. Let be
$z-b\neq 0,1$ (5)
we have th en
(i) $(\log(z-b)^{3})_{\gamma}=-e^{-i\pi\gamma}3\Gamma(\gamma Xz-b)^{-\prime}$ $(|\Gamma(\gamma)|<\infty)$ (6)
and
$(ii)$ $(\log(z-b)^{3})_{n}=(-1)^{n+1}3\Gamma(nXz-b)^{-n}$ $(n\in Z^{+})$ (7)
(n-th derivatives)
Proof. Set $c=0$ in Theorem 1.
Note. We can obtain (6) and (7) from Lemma (ii) directly.
Theorem 2. Let be







$x\sum_{k-0}^{\infty}\frac{\Gamma(\frac{3}{2}k+n)}{\Gamma(_{2}^{2}k+1)}\{S^{k}+(--S)^{k}\}$ $(n\in Z^{+})$ (10)
(w-th derivatives)
where
$S= \frac{\sqrt{c}}{(z-b)^{3/2}},$ $|S|<1$ . (11)






from. Theorem E. (i), setting $\beta=3/2$
Therefore, we obtain (9) from (12), applying (13).
Proof of (ii). Set $\gamma=n$ in (9).
Note. We can obtain (6) and (7) froln (9) and (10), setting $c=0,$
clearly.






$(ii)$ $( \log((z-b)^{3}-c))_{n}=(-1)^{n+l}3(z-\cdot b)^{-n}\sum_{k-0}^{\infty}\frac{1}{\Gamma(3k+3)}T^{k}$
$x\{\Gamma(3k+2+n)-2(n-1)\Gamma(3k+1+n)+(n-1Xn-2)\Gamma(3k+n)\}.$
(n-th derivarives) $(n\in Z^{+})$ (15)
where $T$ is the one given by (4).





$=3 \sum_{s\cdot 0}^{2}\frac{\Gamma(\gamma)}{m!\Gamma(\gamma-m)}\{e^{-i\pi(\gamma-1-m)}(z-b)^{-3-\gamma\sim 1+m}\sum_{k-0}^{\infty}\frac{[1]_{k}\Gamma(3k+3+\gamma-1-m)}{k!\Gamma(\Re+3)}T^{k}\}$
$\cross\{e^{-i\pi m}\frac{\Gamma(m-2)}{\Gamma(-2)}(z-b)^{2-m}\}$ (19)
$=-3e^{-i\dot{\pi}\gamma}(z-b)^{-\gamma}, \sum_{\pi-0}^{2}\frac{\Gamma(\gamma)\Gamma(m-2)}{m!\Gamma(\gamma-m)\Gamma(-2)}\sum_{k\cdot 0}^{\infty}\frac{\Gamma(3k+2+\gamma-m)}{\Gamma(3k+3)}T^{k}$ (20)
$=-3e^{-i\pi\gamma}(z-b)^{-\gamma} \{\sum_{k\Leftrightarrow 0}^{\infty}\frac{\Gamma(3k+2+\gamma)}{\Gamma(3k+3)}T^{k}-2(\gamma-1)\sum_{k-0}^{\infty}\frac{\Gamma(3k+1+\gamma)}{\Gamma(3k+3)}T^{k}$
$+( \gamma-1X\gamma-2)\sum_{karrow 0}^{\infty}\frac{\Gamma(3k+\gamma)}{\Gamma(3k+3)}T^{k}\}$ , (21)
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applying
Theorem D. (i) to $(((z-b)^{3}-c)^{-1})_{\gamma-1-m}$
and Lemma (i) to $((z-b)^{2})_{m}$
We have then (14) from (21), dearly.
Proof of (ii). Set $\gamma=n$ in (i).
Theorem 4. Let be (1), we have then
(i) $( \log((z-b)^{3}-c))_{\gamma}=-3e^{-i\pi\gamma}(z-b)^{-\gamma}\prime\sum_{k-0}^{\infty}\frac{[2]_{k}}{k!\Gamma(3k+6)}T^{k}$
$\cross\{(1+2T)\Gamma(3k+4+\gamma)-(\gamma-2X^{4}+2T)\Gamma(3k+3+\gamma)$




$x$ {(1 $+$ 21 $\Gamma$(3k $+$ 4 $+$ n)-(n-2X4 $+2T$)$\Gamma$(3k $+$ 3 $+$ n)
$+6(n-2Xn-3)\Gamma(3k+2+n).-4(rl-2Xn-3Xn-4)\Gamma(\Re+1+n)$
$+(n-2Xn-3Xn-4Xn-5)\Gamma(\Re+n)\} (n\in Z^{+}\geq 2)$ (23)
(n-th derivatives)
where $T$ is the one given by (4).














Theorem D. (i) to $(((z-b)^{3}-c)^{-2})_{\gamma-2-m}$
and
Lemma (i) to $((z-b)^{4}+2c(z-b))_{m}=((z-b)^{4})_{m}+2c(z-b)_{m}$
We have then (22) from (29).
Proof of(ii). Set $\gamma=n$ in (i).
\S 3. Identities










(ii) $\sum_{-0}\frac{\Gamma(3k+n)}{\Gamma_{(}’3k+1)}T^{k}\infty=^{1}2\sum_{0}^{\infty}\frac{\Gamma(_{2\backslash }^{2_{k}}+n)}{\Gamma(_{2}^{2}k+1)}\{S^{k}+(-S)^{k}\}$ (4)
$= \sum_{k-0}^{\infty}\frac{1}{\Gamma(\Re+3)}T^{k}\tau(3k+2+r\iota)-t2(n-1)\Gamma(3k+1+n)$
$+(n-1Xn-2)\Gamma(3k+n)\} (n\in Z^{+})$ (5)
$= \sum_{k-C}^{\infty}\frac{[2]_{k}}{k!\Gamma(3k+6)}T^{k}\{(1+2T)\Gamma(3k+4+n)-(n-2X^{4}+2T)\Gamma(3k+3+n)$ .
$+6(n-2Xn-3)\Gamma(3k+2+n)-4(n-2Xn-3Xn-4)\Gamma(3k+1+n)$
$+(n-2Xn-3Xn-4Xn-5)\Gamma(3k+n)\} (n\in Z^{+}\geq 2)$ (6)
where
$T= \frac{c}{(z-b)^{3}},$ $|T|<1$ , and $S= \frac{\sqrt{c}}{(z-b^{\backslash })^{3/2}},$ $|S|<1,$
respectively.
Proof I. It is clear from Theorem 1, 2, 3 and 4.
Proof II. We have
RHS of (1) $=_{2}^{1} \sum_{k-0}^{\infty}\frac{r(_{2}^{2}\cdot u+\gamma)}{\Gamma(\frac{3}{2}\cdot 2k+J_{-})}2S^{2k}$ (7)
$= \sum_{k\cdot 0}^{\infty}\frac{\Gamma(3k+\gamma)}{\Gamma(3k+1)}T^{k}=$ LHS of (1). (8)
Proof III. We have
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RHS of (2) $== \sum_{k\Leftarrow 0}^{\infty}\frac{\Gamma(3k+2+\gamma)}{\Gamma(3k+3)}T^{\dot{\kappa}}-2(\gamma-1)\sum_{k\cdot 0}^{\infty}\frac{\Gamma(3k+1+\gamma)}{\Gamma(3k+3)}T^{k}$
$+( \gamma-1)(\gamma-2)\sum_{k\cdot 0}^{\infty}\frac{\Gamma(3k+\gamma)}{\Gamma(3k+3)}T^{k}$ (9)
$= \sum_{k\cdot 0}^{\infty}\frac{\Gamma(3k’+\gamma)}{\Gamma(3k+1)}T^{k}\{-2(\gamma-1)\frac{(3k+\gamma)}{(3k+2X3k+1)}\underline{(3k+1+\gamma X^{3k\underline{+\gamma)}}}$
$(3k+2)(3k+1.)$
$+( \gamma-1)(\gamma-2)\frac{1}{(3k+2X3k+1)}\}$ (10)
$= \sum_{k\cdot 0}^{\infty}\frac{\Gamma(3k+\gamma)}{\Gamma(3k+1)}T^{k}=$ $LH$ of (1) (11)
\S 4. Semi Derivatives and Integrals
Set $r=1/2$ and $-1/2$ in (i) of Theoreml $\sim 4$, we have then the semi-
derivatives and semi-integrals as follows.
(I) $S$ emi - derivatives ;
1. $( \log((z-b)^{3}-c))_{1/2}=3i(z-b)^{-1/2}\sum_{0}^{\infty}.\frac{\Gamma(3k+\perp 2)}{\Gamma(3k+1)}(\frac{c}{(z-b)^{3}})^{k}\gamma$ (1)





4. $( \log((z-b)^{3}-c))_{1/2}=i3(z-b)^{-1/2}\sum_{k\cdot 0}^{\infty}\frac{[2]_{k}}{k!\Gamma(3k+6)}(\frac{c}{(z-b)^{3}})^{k}$
$x\{(1+2_{A}^{\eta\neg})\Gamma(3k+2)+\frac{3}{2}(4+2T)\Gamma(3k+^{7}T)+6(\frac{3\cdot 5}{2^{2}})\Gamma(3k+\frac{5}{2})$
$+4( \frac{3\cdot 5\cdot 7}{2^{3}})\Gamma(3k+_{2}^{2})+(\frac{3\cdot 5\cdot 7\cdot 9}{2^{4}})\Gamma(3k+_{2}^{1_{)\}}} (T=\frac{c}{(z-b)^{3}})$ (4)
(I) Semi-integrals;
1. $( \log((z-b)^{3}-c))_{-1/2}=-3i(z-b)^{1/2}\sum_{k-0}^{\infty}\frac{\Gamma(3k_{2}-1)}{\Gamma(3k+1)}(\frac{c}{(z-b)^{3}}\}^{k}r$ (5)
2. $( \log((z-b)^{3}-c))_{-1/2}=-i_{2}2(z-b)^{1/2}\ovalbox{\tt\small REJECT}\cdot\frac{\Gamma(\frac{3}{2}k_{2}^{1}-)}{\cdot\Gamma(\frac{3}{2}k+1)}k\cdot 0^{\cdot}$
$\cross\{(\frac{\sqrt{c}}{(z-b)^{3/2}}I^{k}+(\frac{-\sqrt{c}}{(z-b)^{3/2}}I^{k}\}r$ (6)
3. $( \log((z-b)^{3}-c))_{-1/2}=-i3(z-b)2\sum_{k-0}^{\infty}\frac{1}{\Gamma(3k+3)}(\frac{c}{(z-b)^{3}})$
$\cross\{\Gamma(3k+\frac{3}{2})+3\Gamma(3k+\frac{1}{2})+\llcorner 5_{\Gamma(3k}4-\frac{1}{2})\}$ , (7)
4. $( \log((z-b)^{3}-c))_{-1/2}=-i3(z-b)^{1/2}\sum_{k-0}^{\infty}\frac{[2]_{k}}{k!\Gamma(3k+6)}(\frac{\backslash c}{(z-b)^{3}})^{k}\backslash$
$\cross\{(1+2T)\Gamma(3k+\frac{7}{2})+_{2}^{S}(4+2T)\Gamma(3k+^{5}T)+6(\frac{5\cdot 7}{2^{2}})\Gamma(3k+\frac{3}{2})$




1. Examples for Theorem 1. (ii) and Theorem 2. (ii).
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This result coincides with the obtained one by classical calculus
$\frac{d^{-}}{\ }\log((z-b)^{3}-c)$
$(\Pi)$ When $n=2$ , we obtain the below from Theorem 2, ( ii),













(6) $=- \frac{3}{2}(z-b)^{-2}[2(z-b)^{3}((z-b)^{3}-c)^{-1}+6c(z-b)^{3}((z-b)^{3}-c)^{-2}]$ (13)
$=-3(z-b)((z-b)^{3}-c)^{-2}((z-b)^{3}+2c)$ (14)
using (8) and (12).
This result coincides with the obtained one by the Classical calculus
$\frac{d^{2}}{dz^{2}}\log((z-b)^{3}-c)$
2. Examples for the identities.
(I) When $n=2$ we have
$\sum_{k\cdot 0}^{\infty}(3k+1)T^{k}=\sum_{k\cdot 0}^{\infty}\frac{[2]_{k}}{k!}T^{k}(1+2T)$ , $(T= \frac{c}{(z-b)^{3}})$ (15)
from \S 3. (6).
Indeed we have




RHS of (15) $=(1+2T) \sum_{k-0}^{\infty}\frac{[2]_{k}}{k!}\cdot T^{k}=(1+2TX1-T)^{-2}$ (19)
That is, the identity (15) holds trne.
(II) When $n=3$ we have
$\sum_{k-0}^{\infty}(3k+2X^{3k+1)T^{k}=\sum_{k\cdot 0}^{\infty}\frac{[2]_{k}}{k!}T^{k}\{(1+2TX^{3k+6)-(4+2T)\}}}., (20)$
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fiom \S $3_{ }(6)$ .
Indeed we have




RHS of (20) $=3 \sum_{k\Leftrightarrow 0}^{\infty}\frac{[2]_{k}k}{k!}T^{k}+6T\sum_{k-0}^{\infty}\frac{[2]_{k}k}{l,.k\dagger}T^{k}$
$+2 \sum_{k-0}^{\infty}\frac{[2]_{k}}{k!}T^{k}+10T\sum_{k-0}^{\infty}\frac{[2]_{k}}{k!}T^{k}$ (24)
$=6T(1-T)^{-3}+12T^{2}(1-T)^{-3}+2(1-T)^{-2}+10T(1-T)^{-2}$ (25)
$=2(1-T)^{-3}(T^{2}+7T+1)=(23)=LHS$ of (20), (26)
That is, the identity (20) holds true.
Note. We have
1. $\sum_{k\Leftrightarrow 0}^{\infty}\frac{[\lambda]_{k}}{k!}T^{k}=(1-T)^{-\lambda}$ (27)
2. $\sum_{k\cdot 0}^{\infty}\frac{[2]_{k}k}{k!}T^{k}=\sum_{k\Leftrightarrow 1}^{\infty}\frac{[2b}{(k-1)!}T^{k}=\sum_{k\Leftrightarrow 0}^{\infty}\frac{[2]_{k+1}}{k!}T^{k+1}$ (28)
$=T \sum_{k\overline{-}0}^{\infty}\frac{\frac{21^{\backslash }(3+K)}{21(2)}}{k!}T^{k}=2T\sum_{k\underline{-}(1}^{\infty}\frac{[3]_{k}}{k!}T^{k}=2T(1-T)^{-3}$ (29)
3. $\sum_{karrow 0}^{\infty}\frac{[1]_{k}k^{2}}{k!}T^{k}=\sum_{k\overline{-}1}^{\infty}\frac{[1Lk}{(k-1)!}T^{k}=T\sum_{k=0}^{\infty}\frac{[1]_{k+1}(k+1)}{k!}T^{k}$ (30)
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